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Outline

� Quantum dynamics in 1D using stochastic TWA
� Large number of degrees of freedom: Dissipative ‘macroscopic’

dynamics emerges from microscopic unitary quantum evolution
� Methods to generate fluctuations of initial state of quantum 

field that synthesize quantum statistical correlations
� Outcomes of single-shot quantum measurements
� Expectations valuesand uncertaintiesof quantum observables
� Example systems: Dark solitons (poster by Andrew Martin)



Multi-mode truncated Wigner approximation

Related systems: Critical phenomena studies 
using stochastic Ginsburg-Landau model

Multi-mode TWA:
Drummond, Hardman, Europhys.Lett. 21,279 (1993)

In nonlinear optics:

Noise terms due to fiber gain
and loss, and Raman noise 

Steel et al., PRA 58, 4824 (1998)
Sinatra, Lobo, Castin, J Phys B 35, 3599 (2002)
Gardiner, Anglin, J Phys B 35, 1555 (2002)

BECs:



Finite-T/quantum treatments

‘System’, Hamiltonian dynamics

‘Reservoir’, e.g. kinetic theory 
coupling
(typically 
Markovian)

Quantum decoherence

‘System’

‘Environment’, traced out



Stochastic phase-space method in 1D

1D quantum dynamics:
Treat entire system as Hamiltonian

Does not have to be a closed system:
Atom losses by 3-body recombination
or spontaneous emission by lattice lasers
Dynamical noise terms
(non-deterministic time-steps)

1D system: Little coupling to higher modes
(rethermalization) over short time scales
No spurious heating due to Wigner vacuum noise
Not divergent as 2D or 3D and results 
independent of cut-off 



Stochastic phase space methods
Drummond, Hardman, Europhys.Lett. 21,279 (1993); Steel et al., PRA 58, 4824 (1998)



TWA
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�Dynamics:

Initial state sampled from stochastic Wigner distribution:

Synthesize stochastic representation of quantum field that 
generates quantum mechanical correlation functions

Thermal and quantum fluctuations unravelled into 
stochastic trajectories: Ensemble average 400-1000 realizations

Stochastic phase-space representation of full field operator



Initial state generation

Uniform T=0 system:

Synthesize initial state quantum statistics using 
Bogoliubov approximation

Description in terms of ideal 
harmonic oscillators (phonons)

Diagonalizes initial state 
Hamiltonian

Average excited state population:
At T=0:

ground state occupation



…uniform T=0 initial state

In Wigner phase-space representation replace
by stochastic complex Gaussian-distributed  

Wigner representation returns symmetrically
ordered expectation values

Excited state population fluctuatesfrom shot to shot

(transform to normally ordered
expectation values by subtracting ½)

But generates correct mean value

Fix total atom number N, and obtainfluctuating ground 
state population from                         and set at each realization

which fluctuates around the mean value

How to generate ground state fluctuations?



Initial state
If we considered only uncorrelated Gaussian noise distributed over
plane wave basis, this could also be synthesized by sampling Gaussian
noise at each equally spaced spatial grid point

However, even in the simple T=0 uniform case the fixing of total
atom number introduces long-wavelength correlations between
ground state mode and excited modes

Harmonic trap
Modes spatially non-uniform, noise non-trivial



Finite-temperature noise

Sample Wigner distribution:

Alternative methods of generating initial state

Ideal gas and turn up interactions “slowly”
Problems especially at finite T
Isella, Ruostekoski, PRA 74, 063625 (2006)

Gardiner, Zoller, Quantum Noise



Expectation values

Example: Multi-mode operator at 

Define the ground state operator 
for each lattice site:

Ground state wave function

� Expectation values

0 :t =

Operator orderings crucial: Wigner distribution returns expectation 
values of symmetrically ordered operators for every mode



Example: Turning-up of lattice potential
Fragmentation of BEC 

Initial state Final state

Isella, Ruostekoski, PRA 72, 011601 (2005)
Isella, Ruostekoski, PRA 74, 063625 (2006)

Coherence between adjacent sites Number fluctuations at central well

Ramping up lattice Ramping up lattice

T=0

T=12.5

T=0
T=12.5

T=38.5
T=38.5 Bk

w�



Why are quantum fluctuations even important?



1D system
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Strongly interacting system at low atom density

Transverse oscillator 
length

Strong quantum fluctuations due to transverse confinement

1D atom density

Strongly interacting limit
Impenetrableatoms (Tonks-Girardeau gas )

Girardeau, J. Math. Phys. 1, 516 (1960)

More strongly interacting system
Increase scattering length (Feshbach resonance)
Reduce kinetic energy (periodic optical lattice)
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Do stochastic phase-space methods work?

All fine and nice…

Promising comparisons to experiments



Dipole oscillations at NIST

NIST experiment in shallow lattice with small displacement
Fertig, O’Hara, Huckans, Rolston, Phillips, Porto, PRL 94, 120403 (2005)

Tightly confined 1D atom tube (atoms not impenetrable)
Significant damping of dipole oscillations (dissipative transport)



Dipole oscillations of atoms in a lattice
Experiment: 
Suddenly displaceharmonic trap 

Dipole oscillations
Classically:
Large displacement 

Dynamical instability
Velocity larger than a critical value
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Dipolar motion at NIST expmnt
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Photon recoil energy

Velocity much lower than critical value
No damping in classical dynamics
No sudden transition to violent dynamics



TWA modeling of dipolar motion
Ruostekoski, Isella, PRL 95, 110403 (2005)

TWA produced expmtl damping rate at shallow lattice
Strong quantum fluctuations, about 70 atoms

Center-of-mass motion
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Momentum distribution

Tails reach the unstable regime
of corresponding classical dynamics
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Vary atom number
(for fixed chemical potential)



Quantum dark solitons

� Classical (GPE) solitons well-known in BECs and in nonlinear optics
� Manifestations of QM on a macroscopic (or mesoscopic) scale
� Sensitive to fluctuations of BEC wavefunction
� Ideal systems to study emergence of ‘classical’ physics from

quantum fluctuations of interacting many-body system

For details: see poster by Andrew Martin

Synthesize noise according to quasi-condensate description

Bogoliubov mode functions

Mora, Castin, PRA 67, 053615 (2003)

Fix total atom number



Soliton dynamics
Consider bosonic atoms in 1D tube (with/without lattice)
phase imprinta dark soliton (phase kink)
Shine light through absorption plate
Accumulate a phase difference…

density at phase kink                                   (n background density)
velocity                               (c speed of sound)

light

plate

Burger et al., PRL 83, 5198 (1999)
Denschlag et al., Science 287, 97 (2000)

accumulated phase kink

Classically:



Quantum dynamics of solitons
poster by Andrew Martin

Sharp imprinted phase value replaced by phase distribution
� Soliton speed significantly lower than classical speed

Individual stochastic realizationsof TWA reveal possible
outcomes single-shot measurementsof soliton trajectories

Quantum measurement process



…Soliton dynamics

Ensemble averaging of stochastic realizations:

Precise quantum statistical description of soliton dynamics
Quantum expectation value of damping rate
Numerical tracking of soliton coordinates
� QM expectation value and uncertainties 

for position and velocity



Concluding remarks

� Stochastic phase-space representation can incorporate
very large number of degrees of freedom (over 8000 grid points)

� Dissipative dynamics of solitons, or the entire atom cloud,
emerges from microscopic treatment of unitary quantum evolution
without explicit damping terms (intrinsic friction in closed system)

� No need to separate dynamics into ‘system’ degrees of freedom
and ‘environment’
� classical physical observables emerge unambiguously

� Methods to generate fluctuations of initial state of quantum field
that synthesize quantum statistical correlations

� Outcomes of single-shot quantum measurements
� Expectations valuesand uncertaintiesof quantum observables
� Far from equilibrium dynamics


